
    
    

     

        

da
,  ρ J

B

arbitrary volume

3 3

     We begin with the law of conservation of charge: 

     

conservation                                                   (5.2)of charge

     Magnetosta

0

v v
d x d d xdQ

tdt

t
ρ

ρ∇⋅ = ⋅ = − = −

 ⇒  +∇
 

⋅ =

∂
∂

∂
∂

∫ ∫ ∫
J

J J a


tics is applicable under the static condition. Hence,

0 and (5.2) gives         0  [for magnetoststics]            (5.3)

     Assuming a magnetic force  is experienced by charge  moving
at ve

B q
t
ρ = ∇⋅ =∂
∂ J

F
locity , we define the magnetic induction  by the relation:

                    ,
which is consistent with the definition in (5.1).

B q= ×
v B

F v B

5.1 Introduction and Definitions

Chapter 5: Magnetostatics, Faraday’s Law, 
Quasi-Static Fields
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1d
2d

 x

loop 1   

loop 2 P
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5.2 Biot and Savart Law

1
12 12

1 1( ) 0
| |

d d= − ⋅∇ = − =∫ ∫x x 



2

2
0 2 12

2 3
12

     The Biot-Savart law states that the differential magnetic field 
at point  (see figure) due to a differential current element  in 

loop 2 is given by                    
4 | |

d
P d

dd Iµ
π

×
=

B

xB
x





2

0 2 12
2 3

12

linear superposition,
an experimental fact

                      (5.4)

        Thus, the total field at  due to  in 

loop 2 is:                      (1)

     In e

4

tegrating t
| |

 h

dI

P I
µ
π

= 
 

×
∫

xB
x



1 2

1 1

0 1 2 12 1 12
1 2 23

12 1

12

2

 force on  in loop 1 due to  in loop 2, we obtain

                                                                           (5.7)

( )    
4 | | | |

I I

I d

d d dI I dµ
π

= ×

× × ⋅
= =∫ ∫ ∫

∫ B

x x
x x

F

 






  



1 2 12
3 3

12        
0 1 2 12

1

  

1 2 3
2

( )
| |

       ( )
4 | |

 d

d

I I

d

dµ
π

−
 ⋅ 
 
  

⋅
= −

∫ ∫ ∫

∫ ∫
x

x
x

x






 

 

( ) ( ) ( )× × = ⋅ − ⋅a b c a c b a b c



    
     

   12 1 2= −x x x

1x
2x

2I

B

2d

0


2

3
1 2 2 2 2

30 0
3

0 2 12
3
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          Rewrite (1):   

     Change  to ,   to ,  and let ,  we obtain
1     ( ) ( )

|
( )

4 4 || |

4 | |
I

I d da d d x

d x

d

µ µ
π π

µ
π=

′ = =
′−′ ′ ′= × = ∇ ×

′−′−

×∫

∫




Gauss Law of Magnetism :

B

x x x x J J
x xJB x J x

x xx x
x

x
x





0

3

3

30

0

( ) 1             [ ( )]
4 | | | |       

                                                                    (5.16)

                   [Gauss

( )
4 | |

0

d

d

x

x

d

x

π

µ
π
µ

=

′

′

′

′ ′= ∇× − ∇×

′
′= ∇×

′ ′−

−

⋅ =

−

∇⇒

∫

∫

∫ 

J
x

J x
x

x J x
x x

x

x

B  law of magnetism]                         (5.17)

5.3 Differential Equations of Magnetostatics 
and Ampere’s Law

 
x

′x    
   

   B

   

′−x x

( )′J x

0

3
1 1

| | | || |
− ′

− −′ ′− ′
′= −∇ = ∇x x

x x x xx x

 operates on ∇ x

ψ ψ ψ∇× = ∇ × + ∇×a a a

cross section
of wire

3



   

   

da

    n

d

arbitrary
loop←

2 3

30

0

0

4 ( )

( ) 3
| |

( ) 3
| |

1
| |( )

0

      Rewrite (5.16):  
( )         ( )   

4 | |
    ( )

         
4

         
4

   

[ ]d x

d x

d x

d x

πδ

µ
π

µ
π

µ
π

′− −

′
′−

′
′− − ′′ ′∇

′
′= ∇×

′−
⇒∇×

= ∇×∇×

= ∇ −∇

′

′⋅

∫

∫

∫

∫
x x

J x
x x

J x
x x x xJ x

Ampere's Law :
J xB x
x x

B x





0

0

0

                           (through the loop)

 (5.22) 

    

Ampere's law
 

( ) ( )

     

d I

da da

d I

µ

µ

µ

⋅

∇× =

⋅

⇒

⇒ ∇× ⋅ = ⋅

⇒ =

∫
∫

∫

∫
B

                                                               

B n

B x J x

J n

B












, a much more elaborate
representation of the Biot-Savart law      (5.25) 
  

5.3 Differential Equations of Magnetostatics and Ampere’s Law (continued)
3

0
31 1

| | | |

31
| |

( )3 31
| | | |

0                0
Divergence theorem

( )
| |

( ) ( )[ ]

( )

( )

d x

d x

d x

d x d x′

′

′ ′− −

′−

′ ′− −

′−

′ ′⋅ ∇

′∇ ⋅

′= ∇ + ⋅

′ ′ ′= − ⋅∇

′ ′ ′ ′ ′= ∇ ⋅ − ∇ ⋅

∫
∫
∫
∫ ∫ J x

J x

x x x x

x x

x x x x

x x

J x J x

J x

J x







2( ) ( )∇× ∇× = ∇ ∇ ⋅ −∇a a a

4



30 ( )
| |

      Rewrite (5.16): ( )    
4

      ,                                                                        (5.27)
where the vector potential  is given by 

d x
µ
π

′
′

′−
= ∇×

= ∇×

⇒

∫
J x
x x

Vector Pote

A

n l

B

tia : B x

A

30 ( )
| |

          ,                                               (5.28)
4

which shows that  may be freely transformed (without changing  
according to          (gauge transformat

d x
µ ψ
π

ψ

′
′

′−
= +∇

→ +∇

∫
J x
x x

A

A B)
A A

0 ( ) 3
4 | |

0       (Coulomb 

i (

gaug

on)            5.29)
     We may exploit this freedom by choosing a  so that
                                                   (5.31)

      (5.2

e)

8) dµ
π

ψ

′
′−∇

∇ ⋅ =

∇ ⋅ ⇒∇⋅ = ⋅ J x
x x

A

A

0

2 2

2

 ,

Coulomb gauge requires 0 everywhere.

x ψ ψ

ψ

′ +∇ = ∇

⇒ ∇ =

∫


5.4 Vector Potential

See proof on previous page.
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5.4 Vector Potential (continued)

0

0

0
2

0

2

 
     Rewrite:    

         

       ( )
     Choose the Coulomb gauge ( 0)

                                                                     (5.31)

  

µ

µ

µ

µ∇× =


= ∇×
⇒∇×∇× =

⇒∇ ∇⋅ −∇ =

∇⋅ =

∇ = −⇒

B J   
B A

A J

A J
A

A

A

J

30 ( )
| |

                                                       (5.32)

: 
     (5.32) is valid in unbounded (infinite) space, i.e., the volume of
integration must include all curre

4
d x

     Note

µ
π

′
′

′−
⇒ = ∫ J x

x x
A

nts. If there is a boundary surface, 
the currents on the boundary must be accounted for by application
of boundary conditions (See example in Sec. 5.12.)   6



     

      J

 x ′ x

30
3

0

0

Definition of :  
  

Biot-Savart law: 

( ) ( )
4 | |

0

0
Gauss's Law Ampere's law
of magnetism

B

         Magnetostatics 

q

d x

d d I

µ
π

µ

µ

⇓

= ×

′−′ ′= ×
′−

∇ ⋅ = ∇× =
⇓ ⇓

⋅ = ⋅ =

∫

∫ ∫

B
F v B

x xB x J x
x x

B B J

B a B



 



     

      ρ

 x ′ x

3
3

0

0

0

             
Definition of :  
   

Coulomb's law: 
1 ( )( )( )

4 | |

0

0
Gauss's law

 of electrostatics

E

Electrostatics

q

d x

d q d

ρ
πε

ρ ε

ε

⇓

=

′ ′− ′=
′−

∇ ⋅ = ∇× =
⇓ ⇓

⋅ = ⋅ =

∫

∫ ∫

E
F E

x x xE x
x x

E E

E a E



 



A Comparison of Electrostatics and Magnetostatics :
5.4 Vector Potential (continued)
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Uniqueness for Magnetostatics
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 diverge e
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nc  

S S

µ
µ

∇× = = ∇×
∇× = = ∇×

≡ − ∇× = − ≡

∇⋅ × = ⋅ ∇× − ⋅∇× = ⋅

= =B B B

B J B A
B J B A

A A A A B B B

A B B A A B B B


3

1

3

3 3
3 3 3 3 3

3
3

3 3 3 3

3 3

2

e

o

0 on ,  
       

is positive definite. The only way in which the abo

(

ve equati

orem:    

[ ] ( ) ( )
Since =  

( ) ) 0  
 

 

v s

v s v

v s

d x da

d x da d x

d x
S

da

∇⋅ = ⋅

∇ ⋅ × = × ⋅ = ⋅

−
⇒ =

=
⋅ × ⋅ =

⋅

∫ ∫
∫ ∫ ∫

∫ ∫
B

na a

A B A B n B B
B

B B A B n

B B

B







3
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n 
can be satisfied is is zero throughout the volume  of interest. 
Hence, throughout  and the solution is therefore unique .

 

  

v
v=

B
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′x  x

J

0

 under the
1.  is localized 
   within volume conditions:    of integrati

Proved 

on
2.

on p.185

 0






∇⋅ =

J

J

30

3 30
3

0

0

0
3

3

3

     
( )  

4 | |
1 1   [ ( ) ( ) ]

4 | | | |

   
8

If  is far           from source.4 | |

[ ( )]

| |

d x

d x d x

d x

µ
π
µ
π

µ
π

µ
π

=

′
′=

′−

′ ′ ′ ′ ′= + ⋅ +

= − +

×  ≈   

× ×′ ′ ′∫

∫
∫ ∫

Magnetic (Dipole) Moment :   
J xA
x x

J x x x J x
x x

m x x
x

x x J x

x



 



3

                                              (5.55)

where   [magnetic (dipole) moment]          (5.54)

     : In (5.54),  is defined with respect to a 
Here, it 

( )1
2

Note point of  reference.

d x′ ′ ′≡ ×∫m x J x

m
coincides with the origin of the coordinates ( 0). =x

3| |
1 1  [Eq. (5), Ch. 4]

| | | |
′⋅= + +

′− x
x x

x x x


5.6 Magnetic Fields of a Localized Current 
Distribution, Magnetic Moment

Proved on next page.
31

2 [ ( )]d x=− × ×′ ′ ′∫x x J x
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3:  Prove the relation ( ) 0 under the conditions:
                 0 and  is localized within the volume of integration.

: Since 0 outside the volume of integration, we may extend

Problem d x

Proof

=

∇⋅ =
=

∫J x
J J
J

3

3

 
the volume of integration to  without changing the integral value.

      ( ) )

     Consider the -component first:

      ( )

    

x x y y z z

x x

d x dx dy dz(J J J

x

d x dy dz J dx

∞ ∞ ∞

−∞ −∞ −∞

∞ ∞ ∞

−∞ −∞ −∞

∞

= + +

⋅ =

∫ ∫ ∫

∫ ∫ ∫

∫

∫

J x e e e

e J x


3

3

  

     

      0 

     Similarly, the - and 
-components also vanish. 

     Thus,  ( ) 0                            

( )

x

yx z

J
x

JJ J
x y z

dy dz x dx

dy dz x dx

x d x

y
z

d x

∞ ∞ ∞

−∞ −∞ −∞
∞ ∞ ∞

−∞ −∞ −∞

∂
∂

∂∂ ∂
∂ ∂ ∂

= −

= − + +

= − ∇⋅ =

=

∫ ∫ ∫
∫ ∫ ∫
∫

∫

J

J x



   

xxJ ∞
−∞= x d

J
x xx

∞

−∞

∂
∂

− ∫

&( ) 0 ( ) 0

     

 

The insertion of these 2 terms will not
change the value of the integral because

J
y z

y zJ
y zdy J dz J

∞ ∞

−∞ −∞

∞ ∂ ∞
−∞∂−∞

∂
∂ = = = =∫ ∫

5.6  Magnetic Field of a Localized Current Distribution, Magnetic Moment (continued)
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 ( ): (used on p.185 and p.188)
0   ,  if two or more indices are equal
1    ,  if , ,  is an even permutation of 1,2,3

1 ,  if , ,  is an odd permutation of 1,2,3
     

ijk

ijk

Anti - symmetric unit tensor

i j k
i j k

ε

ε


≡
−

( ) ( )

112 123 132 312

     (2)

: 0,  1,  1,  1 
                         ( )  ,   ( )

       ( )

                       

j

i i

j

i ijk j k i ijk kx
jk jk

ijk j k ijk j kx x
ijk ijk

A
ijk

Examples

A B A

A B A B

ε ε ε ε

ε ε

ε ε

ε

∂
∂

∂ ∂
∂ ∂

∂





= = = − =

× = ∇× =

∇⋅ × = =

=

∑ ∑

∑ ∑

A B A

A B

                       

                       ( ) ( )

k
i i

j k
i i

B
k ijk jx x

ijk
A B

kij k jik jx x
ijk

B A

B A

ε

ε ε

∂
∂ ∂

∂ ∂
∂ ∂

 +  

 = −  

= ⋅ ∇× − ⋅ ∇×

∑

∑

B A A B

5.6  Magnetic Field of a Localized Current Distribution, Magnetic Moment (continued)
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Levi-Civita symbol



  I

  da

 d
′x

3

2 ( )

: plane loop 

( )

( )                                                              (5.57)
    

 is normal (by rig

1
1
2 2            

      of  magnetic moment

d x

I area

Example 
I d

area

′ ′ ′×

= ⋅
⇒

′= = ×

⋅
∫ ∫x J x

m
m

m x






3

ht hand rule) to the plane of the loop.
     : a number of charged particles
in motion      
          ( )

   ( )            

2

2
1 1
2 2

i i i
i

i
i i i i

ii i

 of  magnetic mom

q

Examp ent

q

d x q

le 

M

δ





= −

′ ′ ′⇒ = × = × =

∑

∑ ∑∫

J v x x

m x J x x v L    (5.58)

                                                                                   (5.59)
2

e
M

= L

5.6  Magnetic Field of a Localized Current Distribution, Magnetic Moment (continued)

if / /  for all particles.i iq M e M=

angular momentum
i i i iM= ×L x v

: total angular momentumL
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5.6  Magnetic Field of a Localized Current Distribution, Magnetic Moment (continued)



0

0

0 0
0

3

3

3 3

       (valid far from the source)

     Rewrite (5.55) :                                                    (5.55)
4

4

       [
4

| |

| |

| | | |

µ
π

µ
π

µ
π

= =

=

 
⇒ = ∇× = ∇× × 

 

= ∇ ⋅ − ∇ ⋅

×
Dipole Field :

 A

B A m

m m

m x
x
x
x

x x
x x



( )

( ) ( )

0

0

0

0
3

3 3

3 3 3

53

]

       
4

       
4

3 ( ) magnetic dipole                                   
4 | |

| | | |

   
| | | | | |

| || |
3

x y z

x
x

m m m

m y z

x y z

x

µ
π

µ
π
µ
π

=

 
+ ⋅∇ − ⋅∇ 
 

 
= − − − 

 
  

= − + − −  
  
⋅ −

=

∂ ∂ ∂
∂ ∂ ∂

−

m m

x

n n m m
x

x x
x x

x x x
x x x

xx
e



      (5.56)field
 
  

3 33

3 5

1 1
| | | || |

3 3
| | | |

0

∇⋅ = ∇ ⋅ + ⋅∇

= − ⋅ =

x x xx xx
xxx x

| |
=

xn
x

( is a constant.)m 
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( ) ( ) ( )
                 ( ) ( )
∇× × = ⋅∇ − ⋅∇

+ ∇ ⋅ − ∇ ⋅
a b b a a b

a b b a

3
0 0

3 ( )
4

dipole
πε

⋅ −=
−

n n p pE
x x



       
a

  I

r

 re
z

θ

     As in the case of the electric dipole moment, here we characterize
a localized current distribution by a constant quantity, the magnetic 
moment , which turns an otherwise complicated field calculm

2

ation 
(see, for example, Sec. 5.5) into a simple one (with limited validity.)
     Consider, for example, a circular loop carrying current . Using
(5.57), we have  (see figure). Hence, the dipo z

I
I aπ=m e

0
3

20
3

20
3

le field is
3 ( )                                                              (5.56)

4 | |
3 ( )        

4
             ( cos sin )

2cos sin              
4

r r z z

z r

r

a
r

a
r

I

I

θ

θ

µ
π

µ π
π

θ θ
µ θ θπ
π

⋅ −
=

⋅ −
=

= −
+

=

n n m mB
x
e e e e

e e e
e e                                   (5.41)

     When , the dipole field is a good approximation of the total 
field [see Jackson (5.40).]

r a

5.6  Magnetic Fields of a Localized Current Distribution, Magnetic Moment (continued)

2
r

zI aπ
=
=

n e
m e
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3
:    

          ( ) ( )                                                     (5.12)

     Expanding : [see lecture notes, Ch. 4,  Appendix A, Eq. (A.4)]
     

d x′ ′ ′= ×∫
     Magnetic Force in External Field

F J x B x

B

[ ]

[ ]

3 3

3
(proved in Sec. 5.6)

    ( ) (0) ( ) (0)

   ( ) (0) ( ) ( ) (0)

                 0 
          

          ,                     

( ) ( ) (0) ( )

[ ]

d

d x d x

U

x′ ′ ′ ′= × ⋅∇ +

=

= + ⋅∇ +

′ ′ ′ ′ ′ ′⇒ = × + × ⋅∇ +

= ∇

∇

⋅

= −

∫

∫

∫

J x B

B x B x B

F J x B J x x B

x m B













                                                     (5.69)
where potential energy.                                      (5.72)U = − ⋅ =m B

00 0

This implies "After differentiation of ( ), evaluate at 0." i.e.,

( ) (0) ( ) ( ) ( )y zx y zx == =
∂ ∂ ∂
∂ ∂ ∂

=
    ⋅∇ = + +       xx x

B x x

x B B x B x B x

5.7 Force and Torque on and Energy of a Localized 
Current Distribution in an External Magnetic Induction

See derivation on pp.188-189
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

3

3

           (0) ( ) (0) (0)

     :

        ( )

           [ ( ) ( )]                                                   (5.13)

           

d x

d x

′ ′+ ⋅∇ + ≈

′ ′ ′= ×

′ ′ ′ ′= × ×

′≈ ×

∫
∫

B x B B

Magnetic Torque in External Field

N x f x

x J x B x

x



3

3 3

23 31
2

[ ( ) (0)]   

           [ (0) ] ( ) (0) ( )

            = [ (0) ] ( ) (0) [ ( )]

           (0)                                  

d x

d x d x

d x d x

′ ′×

′ ′ ′ ′ ′ ′= ⋅ − ⋅

′ ′ ′ ′ ′ ′ ′⋅ − ∇ ⋅

= ×

∫

∫
∫ ∫
∫

J x B

B x J x B x J x

B x J x B x J x

m B





                                       (5.71)

31
2

[Using

]

(0) [ ( )]
 the formula at the

bottom of  p.185, replacing
 with (0).

d x= − ′ ′ ′× ×∫B x J x

x B

5.7 Forces and Torque… (continued)

2 ( ) 0d
s

= ⋅ =′ ′ ′∫ x J x a


      is localized.   
0 on surface⇒ =

J
J


0

2 2

2

2

( ) ( )

[ ( )]

2 ( )

′

′ ′⋅ ′ ′ ′ ′= ∇ + ∇ ⋅

=

′ ′ ′∇

′ ′⋅

⋅
x

x xJ x x J

x J x

x J x



16

( ) ( ) ( )× × = ⋅ − ⋅a b c a c b a b c



 Bm




 ⊗

I

I

 

     Both  and  tend to orient along the
positive field direction under the action of
the torque (see figures on the rig

  (4.24)
 (5.7

ht).

)

 T

2

Potential energy Force Torque
U U
U U
= − ⋅ = −∇ = ×
= − ⋅ = −∇ = ×

p E F N p E

p m
m B F N m B

his 
results in a state of minimum potential 
energy. In this state, , whereas 

.

 (1) How does a permanent magnet attract a piece of iron?
 (2) How does it attract a

  

n

     :
  

reduces
enha
Ques

nc
ti

es
ons

p E
m B

other permanent magnet?    

5.7 Forces and Torque… (continued)

 Ep +−

A Comparison between Electric and Magnetic Potential Energy, 
                     Force, and Torque in External Field :

17
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     A self-consistent field is the combined field 
generated by the source  under consideration
and the external source (if present).

     Force in Self Consistent Field; Magnetic Pressure and Tension :

J

0

0

2

00

1

1
2

 Thus, using
,  we may express the magnetic force

density (force / unit volume) in terms of .                                        
       ( )

         ( )   B

µ

µµ

µ∇× =

= × = ∇× ×

= −∇ + ⋅∇

B J  
f B

f J B B B

B B




 [see p. 320)]                                     (3)

     In regions where 0, we have 0 
[pressure and tension force densities cancel out].

= =J f
Bθ

uniform current

-field 
lines
B

a uniform
electron beam

-field 
lines
Ba solenoid

( ) ( ) ( ) ( ) + ( )∇ ⋅ = ⋅∇ ⋅∇ × ∇× × ∇×a b a b + b a + a b b a

magnetic pressure 
force density

magnetic tension force density,
as if a curved -field line tended 
to become a straight line.

B

5.7 Forces and Torque… (continued)

18
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0

0 0
3

0 0

      To be more general, we move the
point of reference for  from 0 to  and write 

( ) ( )1 1        [See Sec. 4.1]

     Substituting this relation in

= =
′ − ⋅ −

= + +
′− − −

Macroscopic Equations :
m x x x
x x x x

x x x x x x


30

3
0 0 0 0

3
0 0

31
0 02

( )
| |

to  

              [(5.32)]
4

we obtain

( ) ( ) ( ) ,  (4)
4 | | 4 | |

where ( ) ( ) ( ) .

d x

d x

d x

µ
π

µ µ
π π

′
′

′−
=

′ ′ × −
= + +

− −

′ ′ ′= − ×

∫

∫

∫

J x
x x

A

J x m x x xA
x x x x

m x x x J x





         
            

      

        

 

J

0x

0−x x
0′ −x x

 x
′x

0

5.8 Macroscopic Equations, 
Boundary Conditions on B and H

vanishes only if  is localized 
within the volume of integration.

J

                

   
′x  x

J

0

19Proved on p.185



     To proceed, we consider the orbital motion of atomic/molecular
electrons, which can collectively give rise to a permanent or induced
magnetization  (total magnetic moment / unit volume) given by
  

M
             ( )                                                       (5.76)

     As will be shown in (5.79), a current density ( ) is associated 
with . In addition, there is also a current

i i
i

M

N= < >∑M x m

J
M  density due to the flow of 

 charges, which we denote by  (Jackson denotes it by  in 
Sec. 5.8). By the principle of linear superposition, we may write
                         ( ) ( )

free

free

free

= +

J J

A x A x A

30

( ),
where  and  are due to  and , respectively.

( )
     Obviously, ( )

4 | |

M

free M free M

free
free d xµ

π

′
′=

′−∫

x
A A J J

J x
A x

x x

5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)

magnetic moment per type i molecule
averaged over a small volume

volume density of
type i molecules

20



3
0

     For , we have the expression for , but not yet for . So
we approximate  by the dipole term in (4).

( )
      ( )

4

M M

M

M
M

d xµ
π

′ ′
=

∫

A M J
A

J x
A x 0 0 0

3
0 0

3

n

( ) ( ) ,  
| | 4 | |

where we have set ( ) 0 because  is formed of current 
loops of a

  
tomic dimensions ( volume of inte

o
gra

i
ti

n
on

p
)

d
.

e
 

t
U

o
n

f
d

t
e

e
r

p
 

i
t

s
h

d
i

e
s

nco  e n   ht  indi ion,

M Md x

µ
π

× −
+ +

− −

′ ′ =∫

m x

m

x x
x x x x
J x J





31
0 02 0

3 31 1
02 2

t

p

  b

n

o ecause

       ( ) ( ) ( )

                 ( ) ( ) (0).

     To represent  by the dipole term, we must have the
dimensio  of the d

f reference

i

M

M M

M

d x

d x d x

′ ′ ′= − ×

′ ′ ′ ′ ′= × − × =

∫
∫ ∫

m x x x J x

x J x x J x m

A x





ole. So, we divide the source into infinistesimal
volumes. In each small volume , the dipole moment is , 
which generates a small  at given byM

V V∆ ∆
∆

M
A x 

5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)

(5.54)
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0

0

0
30

3

3

3

4

            ( )      
4

where we have replaced the notation  with . This

gives     ( )  
4

                        ( )

( ) ( ) V
| |

( ) ( )
| |

1
| |

     

M

M d x

d xµ
π

µ
π

µ
π

∆ =

′

′

′

× − ∆′ ′
− ′

× −′ ′
− ′

− ′ ′

=

= ×∇′

∫

∫

A x

x x

A x

M x

M x x x
x x

M x x x
x x

x x

0 03 3
4

    
                                             

4
( ) ( )

| | | |

( )
| |                                                          

               
v

d x d x

da
s

µ
π

µ
π

∇×′ ′ ′
− −′ ′

′
− ′

′ ′

′=

−= ∇ ×′

×

∫ ∫
∫

M x M x
x x x x

M x
x xn





                            
                                                                                                                                                                            

0 0
 

)
                                               

3
| |
(

4 4
      Does this relation still hold as ?:

|
)

|
(  

                   +
v S

Question

d x daµ µ
π π ′

×′
−

′

′→
− ′

∇×′ ′ ′= ∫∫ x
M n

x
x

x x

M x
x x 

′x x

∆V

5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)

ψ ψ ψ∇× = ∇ × + ∇×a a a

3
∫ ∫∇× = ×

v sd x daA n A

22
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6.2 The Field of a Magnetized Object  
6.2.1 Bound Currents

The vector potential of a single dipole m is

Suppose we have a piece of magnetized 
material (i.e., M is given). What field does 
this object produce? 

0
2

ˆ( )
4
µ
π

×
=

mA r
r
r

0
2

ˆ( )( )
4

dµ τ
π

′ × ′= ∫
M rA r r
r

In the magnetized object, each volume element carries a 
dipole moment Mdτ′, so the total vector potential is

Griffiths 1/4
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Vector potential and Bound Currents

The vector potential is 

Can the equation be expressed in a more illuminating form, 
as in the electrical case? Yes! 
By exploiting the identity,

2
ˆ1′∇ =

r r
r

0 1( ) ( ) ( )
4

dµ τ
π

′ ′ ′= × ∇∫A r M r
r

and integrating by part, we have 

2 2 2

2 2 2 3/2 3

1ˆ ˆ ˆ( )
( ) ( ) ( )

ˆ ˆ ˆ( ) ( ) ( ) ( )
(( ) ( ) ( ) )

x y z x x y y z z
x x y y z z

x x y y z z

∂ ∂ ∂′ ′ ′+ +
′ ′ ′∂ ∂ ∂ ′ ′ ′− + − + −
′ ′ ′ ′ ′ ′ ′− + − + − −

= =
′ ′ ′− + − + − ′−

x y z

x y z x x
x x

)()( AAA ×∇+×∇=×∇ fffUsing the product rule

0

0 0

1 ( )( ) [ ( )] [ ]
4

1 1 ˆ[ ( )] [ ( ) ]
4 4

d d

d da

µ τ τ
π
µ µτ
π π

′ ′ ′ ′ ′ ′= ∇ × − ∇ × 
 
 ′ ′ ′ ′ ′ ′= ∇ × + × 
 

∫ ∫

∫ ∫

M rA r M r

M r M r n


r r

r r

How? See next page.

Griffiths 2/4
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Gauss's law  ( )

( ( )) ( )
Let  ,     

( )

Since  is a constant vector, so ( )

v S

v v

S S

v S

d d

d d

d d

d d

τ

τ τ

τ

∇ ⋅ = ⋅

 ∇ ⋅ × = ⋅ ∇×


= × 
× ⋅ = − ⋅ ×


∇× = − ×

∫ ∫

∫ ∫

∫ ∫

∫ ∫

E E a

v c c v
E v c

v c a c v a

c v v a



 



Griffiths 3/4
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Vector potential and Bound Currents

The electrical analogy 

With these definitions,

0 0 ˆ1 1( ) [ ( )] [ ( ) ]
4 4

d daµ µτ
π π

′′ ′ ′ ′ ′= ∇ × + ×∫ ∫ nA r M r M r
r r

bound currents

( )
volume current

b ′ ′= ∇ ×J M r ˆ( )
surface current

b ′′= ×nK M r

0 0( )
4 4

b b
v Sd daµ µτ

π π
′ ′= +∫ ∫

J KA r
r r

P⋅−∇=bρdensity  charge volume
ˆsurface charge density bσ = ⋅P n

Griffiths 4/4

https://ocw.nthu.edu.tw/ocw/index.php?page=course&cid=348&

https://ocw.nthu.edu.tw/ocw/index.php?page=course&cid=348&


5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)

2

0

0

3

     Thus,         ( ) ( )

                                              (5.78)

     For comparison, in Sec. 5.3, we have   ,             (5.31)

whic

( )
( ) ( )

 
4 | |

fre

rf

M

e

e

e d x

µ

µ
π

= +

∇ = −

′ ′ ′+∇ ×
′=

′−∫

A x
J x M

A

x
x

A x A x

J

x

30 ( )h has the solution:   ( )                        (5.32)
4 | |

     In (5.31) and (5.32),  represents the current due to both free 
and bound (atomic) electrons, whereas in (5.78) contrib

d xµ
π

′
′=

′−∫ J xA x
x x

J
utions from

free and bound electrons are separated into two terms.

     Comparing (5.78) and (5.32), we find that the bound electrons
contribute to ( ) through a magnetization current density ( ) 
given

MA x J
 by          ,                                                        (5.79)

which is the macroscopic exhibition of the atomic currents.
M = ∇×J M

27



0

0

     Hence, by separating free and bound electrons, ( ) ( )
[(5.22)] can be written                    (5.80)
     Defining a new quantity called the magnetic field :
      

( )

     

freeµ

µ

∇×

∇× =

= +∇×

B x J x  
B M

H
J

0
1      ,                                                          (5.81)

we obtain from (5.80) the macroscopic version of (5.22):
                                                         free

µ≡ −

∇× =

H B M

H J

0

                   (5.82)
Does  have a physical meaning?

     
     The counterpart of (5.81) in electrostatics is  [(4.34

: 

)]

     Question

ε= +

H
Diamagnetic, Paramagnetic, and Ferromagnetic Substances :

D E P

0

.
In Sec. 4.3, it is shown that, for small displacement of the bound 
electrons, we have the linear relations:

                                                                   (4.36)
           eε χ=P E

D 0,  with (1 )                            (4.37), (4.38)eε ε ε χ

 = = + E

5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)
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     However, the magnetic properties of materials are such that  is
not always proportional to , depending on the type of  the material.
We summarize, without derivation, possible relations between  

M
B

B

0 0

00

,
,

and .
1. For diamagnetic and paramagnetic substances,  is proportional 
    to  and we express the linear relation as 

  paramagnetic                  
  diamagnetic

µ µ µ µ
µ µµµ

↑↑
↑↓

− > ⇒ =  < ⇒ 
M B
M B

H
M

B

M B

0
1

  (5)

     Substituting  into , we get the linear relation:
               ,                                                                       (5.84)
where  is called the magnetic permea

µ
µ

µ

= −
=

M H B M
B H

bility.
      The plasma is diamagnetic. Why?
2. For the ferromagnetic substance we have a 
    nonlinear relation (see figure):
              ( ),                                              

:Question

=B F H                         (5.85)
which exhibits the hysteresis phenomenon shown in the figure.     

5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)

29

remnant

coercive

0 0( ) (1 )mχµ µ= + = +B H M H



7.3.6 Boundary Conditions (I)

30

Differential form Integral form

0

fρ∇ ⋅ =

∇ ⋅ =

D

B
 over any enclosed surface .

0

f
S

S

d q
S

d

⋅ =



⋅ = 


∫

∫

D a

B a





1 2

1 2

 

0 

f aσ⋅ − ⋅ =

⋅ − ⋅ =

D a D a

B a B a

wafer thin 
Gaussian pillbox

♯

♯

The edge of the wafer contributes nothing 
in the limit as the thickness goes to zero.

1

2 3

4 5

4 5

1 2

1 2

  

  0

fD D

B B

σ⊥ ⊥

⊥ ⊥

⇒ − =

⇒ − =

Griffiths 
Chap.7



1 2  
S

d
t
∂

⋅ − ⋅ = − ⋅
∂ ∫E l E l B a

Boundary Conditions (II)

31

Differential form Integral form

0

f

t

t

∂
∇× + =

∂
∂

∇× − =
∂

BE

DH J
  P S

f
P S

d d
t

d I d
t

∂ ⋅ = − ⋅ ∂ 
∂ ⋅ = + ⋅

∂ 

∫ ∫

∫ ∫

E l B a

H l D a





for any surface 
bounded by the 
closed loop .

S

P

enc1 2  f
S

I d
t
∂

⋅ − ⋅ = + ⋅
∂ ∫H l H l D avery thin Amperian 

loop straddling the 
surface

♯

♯

1

2

The side of the very thin Amperian loop contributes nothing.
The flux vanishes in the limit as the area of the loop goes 
to zero.

3

4 5

6 7

4 5
/ / / /
1 2   0⇒ − =E E

enc

/ / / /
1 2( ) fI⇒ − ⋅ =H H l

enc
ˆ ˆ( ) ( )   f f fI = ⋅ × = × ⋅K n l K n l / / / /

1 2 ˆ( )f⇒ − = ×H H K n

Griffiths 
Chap.7



0

    

" " implies that
filling the solenoid core with  
material (while keeping  at a constant 
value) can greatly enhance . W

:

free in

in in in

out in

out

out

d I H l nil

H ni B H ni
B B n

B

Questio
i

B nin

i

µ µ
µ
µ

µ µ

⋅ = ⇒ =

⇒ = ⇒ = =
⇒ = =

=

∫ H l





hy?

Approximate the magnetic field by that 
of an infinite solenoid. So, constant.inH =

5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)

Application to a Solenoid :

             turns
unit length

n permeable
material

    outB→

l

/  in inH B µ=  µ

-field linesB

ii

32

 (5.82)free∇× =H J



5.9 Methods of Solving Boundary-Value 
Problems in Magnetostatics

We put the basic equations :    0 and     (5.90)
in forms suitable for 2 types of boundary - value problems.

 Linear medium with const (in each region). 
          (a) Equation fo

free

µ

∇⋅ = ∇× =

=

     B H J

Type 1 :

[ ]

1

2

2

1 1

r vector potential (with or without )
               

         [ ( ) ]

          use Coulomb gauge, 0             (7)

          (b) Equation f

free

fre

free

e

µ

µ µ

µ

µ= = ∇× ⇒ = ∇×

⇒∇× = ∇×∇× = ∇ ∇⋅ −∇

∇∇

=

− ==⇒ ⋅

J
B H A H A

H A

A

A A

J

J

A

2

or scalar potential (only for 0)
               0  and 0 0    (5.93) 
                                                                                  (8)
     Typically,

0

fre

M

e

M µ
=

∇× = ⇒ = −∇Φ ∇⋅ = ⇒ ∇⋅ =
⇒∇ Φ =

J
H H B H

 we use (7) or (8) to solve for  or  in each uniform
region and find the coefficients by applying conditions (5.86) and 
(5.87) on the boundary. An example will be provided in Sec. 5.12.

MΦA

33

cast iron
wrought iron



 Ep +−

2
0

2

     :    
     In a vacuum medium, we have
                                                                           (5.31)
     In a uniform-  medium, we have 
              

free

Discussion

µ

µ
∇ = −

∇ = −

A J

A

0 

0

.                                                                (7)
     Hence, the effect of medium is to  the ability of

 to produce by a factor of  /  (see figure above).

 

free

free

increase
µ

µµ
µµ

>

J

J B 

0

2

2

    In electrostatics, we have

                  (vacuum medium)                                  (1.13)

and            (uniform dielectric medium)                  (4.39)
     Hen

free

free

ρ
ε

ρ
ε

∇ Φ = −

∇ Φ = −

0

0

ce, an  medium  the ability of  to produce
by a factor of  /  (see figure above). 

freereducesε ρε
ε ε
>

E 

5.9 Methods of Solving Boundary-Value Problems in Magnetostatis (continued)

 Bm




 ⊗

I

I
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0 0

0

Vector potential

 

Hard ferromagnets (permanent magnet,  given, 0)
        (a)      
              ( ) 0

        ,  where  [see (5.79)]

             

free

M M

µ
µ µ

=

∇× = ∇× − =

⇒∇× = ∇× = ≡ ∇×

= ∇× ⇒∇× = ∇×

B

Type 2 : M J

H M

B M J J M

B A B
0

2
0

( )2 3
0 4

2
0

| |

( )

        ( ) ,                   (5.102)

        (b) 
              0                    
              ( ) 0

Scalar potential

M
M

M

M

M

d xµ
π

µ

µ

µ

′
∇× = ∇ ∇⋅ −∇ =

′⇒∇ = − ⇒ =

∇× = ⇒ = −∇Φ
∇⋅ = ∇ ⋅ + = ⇒∇ Φ =∇⋅

− ′∫ J x
A A A J

A J A x

H H
B H M

x x

|
( ) 31

4 |

( ) ( )3 31 1
4 4 |

31 1
4 || |

| |

    (5.95)
     where   (effective magnetic charge density)     (5.96)

  

             ( )          

M

M

M

M d x

x

d x

d x d

ρ
π π

π π

ρ
ρ

′ ′

′

′ ∇ ⋅

′

= −

≡ −∇⋅

′ ′⇒ Φ = = −

′ ′ ′= ⋅∇ = − ∇⋅

−− ′′

− ′′ −

∫
∫ ∫

∫x M x

M x

M
M

M x

x xx x

x x x x    (5.98)

5.9 Methods of Solving Boundary-Value Problems in Magnetostatis (continued)

1 1
| | | |′∇ = −∇− −′ ′x x x x

effective current density

 is a mathematical
tool, not real charge.

Mρ

35



5.9 Methods of Solving Boundary-Value Problems in Magnetostatis (continued)

a mathematical tool

real current

    n 2 0=M

1 =M MMK
    n

2  H

1   HfreeK

n
2 0 =M

1 =M M

surface area = ∆A

thickness 0→
σM

36

 

3 3

2 1

0

     :   
     Rewrite (5.96):                                                 (5.96)
     (see pillbox below)

    (

M

M

Mv v

Effective magnetic surface charge density 

d x d d x
s

σ
ρ

ρ
= =

∇ ⋅ = −

⇒ ∇⋅ = ⋅ = −

⇒ −

∫ ∫ ∫
M

M
M M a

M M



)
                                                                            (5.99)

        :
          In Sec. 5.8,                       

M

M

M

A A

Surface current density due to magnetization

σ
σ

⋅ ∆ = − ∆
⇒ = ⋅

n
n M

K M
( )

 

0

2 1 2 1

      Here by the same algebra ,
                                    

        ( )       ( )

free M

free M

= =

∇× = ∇× =

⇒ = × − ⇒ = × − = ×
M

H J M J

K n H H K n M M M n
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3

0
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3

2
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                    =

cos
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4 4| |

4

Consider a permanent magnet with magnetization (Type II) :   
 ,   

0        ,   

   (5.100)( )
| |

z

M

M a

M r a
r a

Y

s
d x

d

da

π θ ϕ

π π

π

′ ′

∇ ⋅′ ′
− ′

≤=
>

⋅′ ′
− ′′Φ = −

′= Ω

′+∫ ∫M x
x x

e     M

n M x
x x

2

1 1
0 03 3

3 cos1
03

1
3

2
0 0 03

21
03| 2|

cos ,   
(5.104)

,               

Inside:  
             (

cos

                                                 
r
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in in in

r
r

M r M z r a
M a r a

M a

θ

θ

θ

µ µ µ

θ<
>

′
− ′

 = ≤
 >

= −

⇒ = + = ⇒ ↑↓

=

=

∫ x x

H M
B H M M H B


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)

Outside: dipole field with dipole moment .
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aπ




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a
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P

   z

H

5.10 Uniformly Magnetized Sphere

discontinuous!

2

3
4
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<

>
∗
− −
∗

=
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>
= +

′ ′
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′ ′+ +

− ′ ⋅





r
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Y Y
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x x

(3.70)

 vanishes everywhere
except on the surface.
ρM

by (5.95)
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0
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0
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(5.93) (6)

(5.86)

     
(outside)  + 

 (inside)
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M
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µ
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∂ ∂
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Eq. (8)

0
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   Consider a spherical -shell in an external .
(cos )0
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cos (cos ) ,                               (5.117)
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5.12 Magnetic Shielding, Spherical Shell of Permeable  
Material in a Uniform Field

The shell is assumed to 
be a linear medium.

boundary conditions

0

0

cos
gives the
external .

H r θ−

B
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5.12 Magnetic Shielding, Spherical Shell of Permeable  Material in a Uniform Field (continued)

3 3
30 0

1 0 03 2
30 0 0

(2 1)( 1)( )

(2 1)( 2) 2 ( 1)

     Boundary conditions result in solutions for the coefficients:
0 if 1

                                                     

l l l l

a
b

b a

l

H b H
µ µ
µ µ

µ µ µ
µ µ µ

α β γ δ

α
+ − −

+ + − −

= = = = ≠

= ≈

0

3
3

00
1 0 03 2

30 0 0

0

9

(2 1)( 2) 2 ( 1)

(5.121)
          &

9 (5.122)
2 1

      as ,  implying that 
materials tend to "absorb" -field lines and
thereby provid

( )
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a
b

a
b

H H
µ
µ

µ µ µ
µ µ µ

µ
µ

µδ
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µ µ
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+ + − −


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 −


>

≈

B
B



0

3 6
0

0When ,  reduces to  everywhere,
i.e., a static megnetic field penetrates into the 
shell as if there were no she

e the shielding effect. High-
materials can have /  as high as 10 10 .
          

µ

µ
µ µ

µ
−

= B B

ll present (even if the
shell is made of good conductor, such as copper).

 

0

: uniform field
( 1/  if )µ µ µ∝ 

inB

0  field + dipoleout =B B

0µ µ
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d
da

n
( , )    tB x

loop C

5.15 Faraday’s Law of Induction

40

     The Biot-Savart (or Ampere's) law relates the magnetic field to
the electrical current. Faraday then discovered  that
time-varying magnetic flux through an electrical circuit could 
in

experimantally

duce an electric field around the circuit. This not only provided
the first link between electric and led to a
new m eechanism to generate the

m  
 -fiel

agnetic fields, but also
, i.e., a time-d varying -fiBE ld.

     Referring to the figure, let loop   
be an electrical circuit (as in Faraday's
original experiment) or any closed path 
in space (a generalization of the original
observation with immense consequ

C

ences). 
Faraday's law states

: an arbitrary surface         ,     (5.141)     bounded by loop 
where  is the electric field at the element  of the circuit . 
and is the

c
Sda C

d C

d ts
 = − ⋅   

′

′ ⋅ ∂
∂∫∫ n

E
B 

E B






 magnetic induction in the lab frame.



     

   

d
da

n
( , )    tB x

loop C     Rewrite (5.141):        

                                                    

b

at

          (5.141)

    Assume loop  is  in the lab
frame, then  (electric field

r
 

 est
in the

 la

c
da

C

d ts
= − ⋅

′ =

′ ⋅ ∂
∂∫∫ n

E E

E B




 frame) and (5.141) becomes

integral form of Faraday's law               (9)

where both  and  are lab-frame quantities.

     (9) can be written (by Stokes's theorem: 

c

c

dad

d

ts
= − ⋅   

= ∇× ⋅

⋅

⋅

∂
∂∫∫

∫

n

E B

E

E

E

B








[ ]

)

         

     Thus,

         differential form of Faraday's law)             (5.143)

da

da dat

t
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s s

∇× =

∇× ⋅ = − ⋅

−

∂

∂

∂

∂

∫
∫ ∫

n

E

E n nB

B

5.15 Faraday’s Law of Induction (continued)
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 n 

S  

d ( )d J  σ 

a thin    
 loop

: cross section of loopσ  
 

     To find the energy associated with a magnetic field, we evaluate 
the work needed to establish the current ( ), which produces the 
magnetic field. We break up ( ) into a network of thin loops. I

J x
J x





/

n 
the build-up process, an  field will be induced by / . The
rate of work done by within each loop is

           

   Work done within each loop to 

loop
s

s

t

t

dW
J d J da

dt
J dat

σ σ

σ
−∂ ∂

∂ ∂

= − ⋅ = − ∇× ⋅

= ⋅ ∂∂

∫ ∫
∫

B

E B
E 

E E n

n B






3

generate :

                         
           

                                                                          (10)

loop

l

s

p

s

oo

J d

J

W a J da

d

d x

δ

δ

σ δ σ

δ

δ

δ

δ

σ
∇×

= ⋅ = ∇× ⋅

=

⋅

⋅

= ∫
∫

∫ ∫
A

B

n B A n

A J

A




 is the cross section of the loop (same as
 Jackson's ).  &  may vary along . J d
σ

σ σ∆ 

5.16 Energy in the Magnetic Field



3

3

d x
J d d d xσ σ= =J J

integration over the area
encircled by the loop

Stokes's thm.
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3    As shown in  [(10)], the work done within
                
each loop is an integral over the volume of the loop. Thus, an inte-
gration over all space gives the total work done to 

loop loop
W d xδ δ= ⋅∫ A J

3 3

3 3

3 3

( ) 0

1
2

generate :

        ( )                                 (5.144)

             ( ) ( )

             ( )  

     Total 

d
s

W d x d x

d x d x

d x d x

δ
δ

δ

δ δ δ

δ δ

δ δ

= × ⋅ =

= ⋅ = ⋅ ∇×

= ⋅ ∇× + ∇⋅ ×

= ⋅ = ⋅

∫ ∫
∫ ∫

∫
∫ ∫

B
H A a

B

A J A H

H A H A

H B H B







3 By conservation of energy, this is
the total magnetic field energy.

1

1
2

2

work done to bring the field up from 0 to the final value :

                 (5.148)

      [field energy den

( )d x

w

W =  
  

⇒ ⋅

⋅

=
∫

B

H

H

B

B

1 1 1
2 2 2

sity]                                      (11)
     : ( ) ( ) ( ) j j j j

j j j
Note w = ⋅ = ⋅ ≠ ⋅∑ ∑ ∑H B H B H B

5.16 Energy in the Magnetic Field (continued)

linear mediumAssume :  or µ= = ⋅B H B μ H

Assume the rate of build-up 0  obeys the static law .
Otherwise, the static law breaks down and there will be radiation loss.

→ ⇒ ∇× =H H J

For this integral
to vanish, the 
volume of integ- 
ration must be .∞
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3 3

3

3 30

  ( )                                               (5.144) 

                                                                         (5.149)
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  (5.155)
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i i
i i i i

i j
j i j i j

i i

i j
i

d x d x
C C C C

M d x d x
C C C C

d d
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µ
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∫ ∫ ∫ ∫

J x J x
x x x x

J x J x
x x x x

 

 

 

 

0 3( )( )   (5.32)4 | | d xµ
π

′ ′= − ′∫
J xA x x x

5.17 Energy and Self- and Mutual Inductances

for N current-
carrying circuits

self-inductance

mutual inductance (Mij = Mji)

Assume linear relation between J and A
for nonpermeable
(µ = µ0) medium

for thin wires

for a thin wire
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3

3

0

0

     ( )                                                           (5.32)

Vector potential at circuit  due to current in circuit :

     ( )        

( )
4 | |

( )
4 | |j

ij i j
j

i j

d x

i j

d x
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µ
π

µ
π

′=

⇒

′=

′
− ′

′
− ′

∫

∫

JA x

J
xA

x
x x

x
x x

3

                                         (12)

     From (12) and (5.155), we obtain  ( ) ( )

          Assume  flows along wire of negligible cross section 

3 ( )

1
i

ij ij i i ii j
M d x

C
d da

J dadd xi i

I I= ⋅

⇒ =

∫ A x J x

J

J x






(              (5.156)

 

)1 1 1
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jij ij

j

j

i

i

j j j

I d

M d F
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F M I

daI I I

d d
dt dt

s
ε

=

=∇× ⋅⇒ = ⋅ =

⇒ ≡ − = −

∫∫ A
B

A






 n

5.17 Energy and Self- and Mutual Inductances (continued)

magnetic flux from circuit j
passing through circuit i

The “–” sign implies that the induced εij tends to drive a current in 
circuit i to inhibit the flux change caused by circuit j (Lenz’s law).

εij: induced voltage in circuit i due
to current variation in circuit j.
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Homework of Chap. 5
0

3                     

p

                  

Starting with the differential expression

for the magnetic induction at the point  with coordinate  roduced by an increm

       
4

d

P

d

x

Iµ
π

′−′= ×
′−

Problem 5.1

x xB l
x x

0

ent of current  d '  at ?, show explicitly that for a closed loop 
carrying a current  the magnetic induction at  is

where Ω is the solid angle 
4

I
I

I
P

µ
π

= ∇Ω                                              

I x

B

0subtended by the loop at the point . This corresponds to a magnetic scalar potential, = / /4 . The sign 
convention for the solid angle is that Ω is positive if the point  views the "inner" side 

MP
P

µ πΦ − Ω
of the surface spanning the loop, that is, if a unit normal

 to the surface is defined by the direction of current flow via the right-hand rile, Ω is positive if  points  from the point , and neaway Pn n gative
otherwise. This is the same convention as in Section 1.6 for the electric dipole layer.

A right-circular solenoid of finite length  and radius  has  turns per uni

 

t length and carries a current . 
Show that the magnetic induction on the cylinder axis in the limit  is

   

L a N I
NL →∞

Problem 5.3

( )0
1 2

.

                                          cos

where the angles

o

 are defi
2

ned in the fig

c

ure

sz
NIB µ

θ θ= +

46

( )A cylindrical conductor of radius  has a hole of radius  bored parallel to, and centered a distance  from, the cylinder axis . 
The current density is uniform throughout the remainin

a b d d b a+ <
Problem 5.6

g metal of the cylinder and is parallel to the axis. Use Ampere's law and 
principle of linear superposition to find the magnitude and the direction of the magnetic-flux density in the hole.



Homework of Chap. 5

0 0

A circular loop of wire carrying a current  is located with its center at the origin of coordinates and the normal to its plane having spherical angles
θ , . There is an applied magnetic

I
φ

Problem 5.11

( ) ( )
( ) ( )
( )

0 0 field, 1 +β  and 1 +β .
a Calculate the force acting on the loop without making any approximation. Compare your result with the approximate result 5.69 . Comment.
b Calculate the torque in lowes

x yB B y B B x= =

t order. Can you deduce anything about the higher order contributions? Do they vanish for the circular loop? What
     about for other shapes?

A circular loop of wire having a radius  and carrying a current  is located in vacuum with its center a distance  away from a semi-infinite slab of
permeability μ. Find the force acting 

a I d
Problem 5.18

( )
( )
( )

on the loop when
a he plane of the loop is parallel to the face of the slab,
b he plane of the loop is perpendicular to the face of the slab.
c Determine the limiting form of your answer to parts a and b 

t
t

when . Can you obtain these limiting values on some simple and direct way?d a

0A magnetically "hard" material is in the shape of a right circular cylinder of length  and radius . The cylinder has a permanent magnetization , 
uniform throughout its volume and paral

L a M
Problem 5.19

( )
( ) 0 0 0

lel to its axis.
a Determine the magnetic field  and magnetic induction  at all points on the axis of the cylinder, both inside and outside.
b Plot the ratios /μ and / on the axis as functions of  M

H B
B H M   for / = 5.z L a
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Homework of Chap. 5
( ) ( )a Starting from the force equation 5.12  and the fact that a magnetization  inside a volume  bounded by a surface  is equivalent to a volume 
     current density =( ) and a surface cuM

V S
∇×

Problem 5.

M

20
M

J

( ) ( )3

rrent density ( ), show that in the absence of macroscopic conduction currents the total magnetic
     force on the body can be written

     whe
e eV S
d x da= − ∇ +

×

⋅ ⋅∫ ∫                       

n

          F M n

M

M B B

( ) re is the applied magnetic induction not including that of the body in question . The force is now expressed in terms of the effective 
     charge densities  and . If the distribution of magneti

e

M Mρ σ
B

zation is not discontinuous, the surface can be at infinity and the force given by just
     the volume integral.
(b)A sphere of radius  with uniform magnetization has its center at the origin of coordR

0 0

inates and its direction of magnetization making spherical
     angles , . If the external magnetic field is the same as in Problem 5.11, use the expression of part a to evaluate the components of θ φ the force 
     acting on the sphere.

Show that in general a long, straight bar of uniform cross-sectional area  with uniform lengthwise magnetization , when placed with its flat end
against an infinitely permeable flat surfa

A M
Problem 5.22

20

ce, adheres with a force given approximately by

Relate your discussion to the electrostatic considerations in Section 1.11.

                       
2

F AMµ
≅

( )a Show that a surface current density ( )  cos /2  flowing in the axial direction on a right circular cylindrical surface of radius  produces 
     inside the cylinder a uniform magnetic

K I R Rφ φ=
Problem 5.30

( )

0 0 induction / 4  in a direction perpendicular to the cylinder axis. Show that the field outside is 
     that of a two-dimensional dipole.

Calculate the total magnetostatic field energy per unit leb

B I Rµ=

( )
ngth. How is it divided inside and outside the cylinder?

What is the inductance per unit length of the system, viewed as a long circuit with current flowing up one side of the cylinder and back the otc her?
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