Chapter 5: Magnetostatics, Faraday’s Law,
Quasi-Static Fields

5.1 Introduction and Definitions
We begin with the law of conservation of charge:

jv-Jd3x:<JSJ.da——— japcﬁ .
op _ conservation *d
=>V-J+=-=0 [ofcharge } T a_ > (5.2)

arbitrary volume
Magnetostatics 1s applicable under the static condition. Hence,

%—'? =0 and (5.2) gives V-J =0 [for magnetoststics] (5.3)

Assuming a magnetic force Fp 1s experienced by charge ¢ moving

at velocity v, we define the magnetic induction B by the relation:

FB AR B,
which is consistent with the definition in (5.1). N=pxB



5.2 Biot and Savart Law
The Biot-Savart law states that the differential magnetic field dB

at point P (see figure) due to a differential current element d4, in
dly <Xy loop 1 (5.4)
loop 2

loop 2 is given by dB = Ho 1, 3
AT T x| 1)

Thus, the total field at P due to /, 1n

loop 2 is: B = Ho I, Cﬁ dl 7 XX1o | linear Superposition,
4 | X5 | an experimental fact

v
Integrating the force on /; in loop 1 due to /, 1n loop 2, we obtain
Flzzllc_ﬁd(lXB ax(bxc)=(a-c)b—(a-b)c (5.7)
7, dl; x(dl,xXy) dl,-x (dl,-df,)x
4011]2<M'> I 2 12 (j)dszﬁ I ;2_4‘) I 23 12
xp5 [ ‘ |X12|, | X9 |
dl,-dl
__ﬂO]l]zq'xﬁ( 1-d€3)Xpp » ) ;
A7 X5 | —_Cﬁ 1"V —Cﬁ (@)




5.3 Differential Equations of Magnetostatics
and Ampere’s Law
Gauss Law of Magnetism :

CJ‘) dl,xXy- |cross section

. Hy
Rewrite (1): B = i I/ of wire

|Xlz|3 |

——
Change x; to X, X, to X, and let [,d{¢, =Jdad/l, = Jd°x, we obtain
B(x):fo-“J(x’)x X_X3d3 ’ ’UOJ‘V : ; x J(x')d>x’
T

x-x[ pard x—x|
V x a—V xatyVxa | XX — vy 1 _y 1
- - i x—x'P x—X'| X—X'|

J(x | , ,

J'[ (x) _V x J(x)]d x

| x—x'| |x—x |~ —
_Hy g [ I 3 !
A Ped V operates on x

= V-B=0 [Gauss law of magnetism] (5.17)



5.3 Differential Equations of Magnetostatics and Ampere’s Law (continued)

Ampere's Law : Rewrite (5.16): J' v. &) g3
tog, [IE) 3 - 0
B X :—VX d ' _ ) 1 1 ) ' 3.
(x) o x| _j[J(x) le_x,|+|x_ (V-3
— V x B(x) :—jJ(x’)-V' !
I&VXVX (X’)d3 ' J(X d3 = IV' J(X)a’3 /
47 | —X| |X . y
0
Divergence theorem
“0 vjv J(X)d3 - ? e ¥
4
Vx(an) V(V-a)-VZa 470 (X=x) .
= VxB(Xx) = 1pJ (x) (5.22)
arbitrary
:ijB ‘N da = uOJJ ‘N da 2 )eloop
CJ‘)B d/ 1 (through the loop) d¥
Ampere's law, a much more elaborate
= C.[)B'df = Hol [representation of the Biot-Savart law } (5:25)




5.4 Vector Potential
J(x")

Vector Potential : Rewrite (5.16): B(x) = Hoy xj d’x
4r | x—x'|
= B =VxA, (5.27)
where the vector potential A 1s given by
A= Ho j T8 peivy, (5.28)
4rrd | x—x|

which shows that A may be freely transformed (without changing B)

accordingto A —> A+Vy (gauge transformation) (5.29)
We may exploit this freedom by choosing a y so that

V-A=0 (Coulomb gauge) (5.31)

o ——15¢e proof on previous page.

/\.

Gdx +Viy =V,

J(
X~

_Ho
v-(5.28):>v-A_EJv-

— Coulomb gauge requires V? v =0 everywhere.



5.4 Vector Potential (continued)

VxB =yl
B=VxA
= VXVxA=puyd
= V(V-A)-V?A = pyJ
Choose the Coulomb gauge (V- A =0)

Rewrite: {

= VZA = —pd (5.31)
— A= Ho j I 3y (5.32)
4rd|x—x'|
Note:

(5.32) 1s valid 1n unbounded (infinite) space, 1.e., the volume of
integration must include all currents. If there 1s a boundary surface,
the currents on the boundary must be accounted for by application
of boundary conditions (See example in Sec. 5.12.)



5.4 Vector Potential (continued)
A Comparison of Electrostatics and Magnetostatics :

Electrostatics

Definition of E:
FE = QE

-
X X

Coulomb's law:
E(X)Z 1 IP(X)(X_X)CII:SX'
472'80

x—x'P
Y
" V-E=p/e VxE=0
U U

g‘}E-da:q/gO qSE.de:o

Gauss's law
of electrostatics

Magnetostatics
Definition of B:
Fp =qvxB
X/ X
Biot-Savart law:
B(x) = &IJ(X')X x-x d3x'
4 x—x'J
v
V:-B=0 Vsz,uOJ\
U U

<j§B.da=o CﬁB-dfzyO]
Gauss's Law ~ Ampere's law
of magnetism



Self-learning
Optional

Uniqueness for Magnetostatics

VXBIZIU()J BIZVXAI
VXBz :lLloJ where Bz :VXAz
LetA3 EAI —Az, SO VXA3 :Bl —B2 EB3

Suppose, further, that By =B, =Bg on §

Assume that there are two solutions:

V[A3 XB3]=B3 ‘(VXA3)—A3 'VXB:}, =B3 'B3
0

Using the divergence theorem: j V-ad’x = 4} a-nda
\% S

j v.[A3xB3]d3x=<j> (A3><B3).nda=j (B3 -B3)d>x
\4 S \%
Since B;=B;-B, =0 on §,
:sj (B3-B3)d3x=<ﬁ (A;xB3)-nda =0
\% S

B; - Bj is positive definite. The only way in which the above equation
can be satistied 1s B3 1s zero throughout the volume v of interest.
Hence, B; = B, throughout v and the solution 1s therefore unique.



5.6 Magnetic Fields of a Localized Current

Distribution, Magnetic Moment
Magnetic (Dipole) Moment :

ﬂOI LUCORFEN L _ L XX, [Eq (5), Ch. 4]
| x— x| /|X—X | Ix] x|
1
fg[ij(x )d3x +—3x jx'J(x')d3x'+---]
_0\ 1 ¥ ' ' 3.0 ’
Proved on next page.| 3 X{(X )™
J‘ X% (X)] 43 Proved on p- 185 under the
__Ho L. 1. J is localized
87 xP conditions: within volume
_Homxx | Ifx is far | of integration (5.55)
T Ax x| from source. 2.V-J=0 '
where m z% x xJ(x')d 3y [magnetic (dipole) moment] (5.54)

Note: In (5.54), m 1s defined with respect to a point of reference.
Here, 1t coincides with the origin of the coordinates (x = 0).



5.6 Magnetic Field of a Localized Current Distribution, Magnetic Moment (continued)

Problem : Prove the relation j J(x)d 3% =0 under the conditions:

V-J =0 and J 1s localized within the volume of integration.

Proof: Since J = 0 outside the volume of integration, we may extend
the volume of integration to co without changing the integral value.

j J(x)d>x = jjo dx j_oooo dy i d=(J e,

Consider the x-component first:

od3x= [

o o —00

- dy. dz. xajxdx

o —00 o —00 o —00

dy : dz j_oooo Jdx

%/_/

T~

fo0 O O aJx+@Jy aJZ

+J,e,+Je;)

e

=—| dy| dz| x(

'

=— .xV- Jd3x=0
Similarly, the y- and

The 1nsertion of these 2 terms will not

z-components also vanish. j ( ay Ydy =

change the value of the integral because

" _O&Iw &ydz =J,[°,

Thus, j J(x)d3x=0

10



5.6 Magnetic Field of a Localized Current Distribution, Magnetic Moment (continued)

Anti - symmetric unit tensor (el-jk): (used on p.185 and p.188)

Levi-Civita symbol

gljk

=<1

0

—1
Examples: E112 = O, &3 = 1, &130 = —1, €312 =1

(AXB)Z Zgl]kA Bk ) (VXA)Z Zgljk @—Ak

, 1f two or more indices are equal
, 1f i, j,k 1s an even permutation of 1,2,3
, 1f i, j,k 1s an odd permutation of 1,2,3

(2)

Jk Jk
V. (AxB)=) 2 ( e By ) =D e 2 (A By )
ik ik
- _
:Z l]k o, Bk +gl]kA x;
ijk - -
B OA ; OB, |
= 2| B o — i) o
ijk - -

=B (VxA)-A-(VxB)

11



5.6 Magnetic Field of a Localized Current Distribution, Magnetic Moment (continued)

Example 1 of magnetic moment: plane loop

_ IJ- ' ~N 73 0 [ ' 1l
m=-= | x'xJ(x")d ——CJ‘)X xdl
2 2\ _ P d/
2-(area)
N \m\ =1 -(area) (5.57)
m 1s normal (by right hand rule) to the plane of the loop.

Example 2 of magnetic moment: a number of charged particles
In motion

angular momentum

JZquVZ5(X—XZ) Li:MiXiXVi
! \
:>m=lfx'xJ(x')d3x'=lzq.x.xv.=Z 9y, (5.58)
2 2 l 1771 l l 2Ml l '
e |ifg;/M;=e/M for all particles.
S (5.59)
2M  ™]L.: total angular momentum

12



5.6 Magnetic Field of a Localized Current Distribution, Magnetic Moment (continued)

Dipole Field : (valid far from the source)

Rewrite (5.55): A = £0 TU°X (5.55)
4z |x v.- X =1lvx+x-V->l

u . G 4 x|
:B:VXA:OVx(mx3j :%_X.LXSZ()
4r x| x| X|
g ~— =0 (-~ misa constant.)
U x x = X \ X
0
=—mV- Vm+|—-Vm-(m-V)—
47r[_ xP P (|x|3 j V)i
_Ho| a_x__m @—X——m o0 X Vx(axb)=(b-V)a—(a-V)b
Tan| rorp Tvoypd TForgpll £a(V-b)~b(V-a)
I ) 3n(n-p)—p
0l € )oo)] B
an| T ) ) A 760 X = Xy |
_ Ho 3n(n-m3) —m X [magnetlc dlpole} (5.56)
4 x| | x| field 13




5.6 Magnetic Fields of a Localized Current Distribution, Magnetic Moment (continued)
As 1n the case of the electric dipole moment, here we characterize

a localized current distribution by a constant quantity, the magnetic
moment m, which turns an otherwise complicated field calculation
(see, for example, Sec. 5.5) into a simple one (with limited validity.)

Consider, for example, a circular loop carrying current /. Using

(5.57), we have m =/ ﬂazez (see figure). Hence, the dipole field 1s

. — Z
- Aonmm=m - in—e, . 1 (5.56)
AT x| m=/Iza’e,| K p
:&Iﬂ_QZ 36,,(6,,'62)—62 PN
47 ]/’3 \

: a
(e, =e, cosf—eysinb)
u 2cosfe, +sinfe !
=20 I 7a? . 0

47 r3
When r > a, the dipole field 1s a good approximation of the total
field [see Jackson (5.40).]

(5.41)

14



5.7 Force and Torque on and Energy of a Localized

Current Distribution in an External Magnetic Induction
Magnetic Force in External Field :

F - j J(x')x B(x)d>x’ (5.12)
Expanding B :[see lecture notes, Ch.4, Appendix A, Eq.(A.4)]
B(x)=B(0)+(x-V)B(0) +---

This implies "After differentiation of B(x), evaluate at x=0." 1.e.,

(x-V)B(0) =x[a—f§CB(x)] 3 y[aQB(x)} » +z[%B(x)]

x=0

j J(x)dx 1xB(0) + j J(X)x[(x'-V)B(0)]dx" +- -

=0 (proved in Sec. 5.6)
=jJ(x)x (x"-V)B(0)]d*x' + = V(m-B)

- VU, See derivation on pp.188-189 (5.69)

where U = —m - B = potential energy. (5.72) h



5.7 Forces and Torque... (continued)

Magnetic Torque in External Field:

N=[x'x f(x')d3x’

= | x'x[J(x")x B(x’)]d3x’
Y X

sax(bxc)=(a-c)b

B(0) + (x'- V')B(0) +--- ~ B(0)

—(a-b)c

V- [x7 I(x)]
2x’

—

/ / 12 !2 ! !
=Jx)-V'X[ +|x[" V- J(x)

=2x"-J(x)

(5.13)

0

~ | X' x[J(x) x B(0)]d ¥’

j B(0) x[x ><J(x )]d3 '

)

f_/\'ﬁ

— [B(0)- XTI (x)d3x' - B(0) f X -J(x)dx

= [1BO)- x(x)a' = L BO) [ V'-[xP 3k

J/

t

[Using the formula at the
bottom of p.185, replacing
x with B(0).]

=0
/

J 1s localized.
— J =0 on surface

=m x B(0)

(5.71)

16



5.7 Forces and Torque... (continued)

A Comparison between Electric and Magnetic Potential Energy,

Force,and Torque in External Field :

Potential energy  Force Torque

>

U=-p-E (424) F=-VU N=pxE 5
— +—>0 | E

U=-m-B (5.72) F=-VU N=mxB —P >

Both p and m tend to orient along the - g

positive field direction under the action of | .

the torque (see figures on the right). This T =
results in a state of minimum potential —m B

energy. In this state, p reduces E, whereas | ® ‘i

m enhances B.

Questions:
(1) How does a permanent magnet attract a piece of iron?
(2) How does i1t attract another permanent magnet?

17



Self_learning 5.7 Forces and Torque... (continued)
Force in Self -Consistent Field; Magnetic Pressure and Tension :
A self-consistent field 1s the combined field
generated by the source J under consideration
and the external source (if present). Thus, using
V xB = 1yJ, we may express the magnetic force
density f (force / unit volume) 1n terms of B.

f=JxB = ,ULO (V X B) x B a solenoid %i}r-lfeiseld
V(a-b)=(a-V)b+(b-V)a+tax(Vxb)+bx(Vxa) a uniform
electron beam

2
=-v.B- | A}O (B-V)B [see p. 320)]
, BN . y
/ T . .
magnetic tension force density,

as 1f a curved B-field line tended
to become a straight line.

In regions where J =0, we have f =0
[pressure and tension force densities cancel out].  uniform current 18

magnetic pressure
force density




5.8 Macroscopic Equations,
Boundary Conditions on B and H

Macroscopic Equations : To be more general, we move the
point of reference for m from x =0 to X = x;; and write

_I_
x-x|  [x—xg ‘X_XOP

1 = ! (X’_XO).(X_XO)+--- [See Sec. 4.1]

Substituting this relation into

My [ IX) 3,
A="0 j 3y [(5.32)]

| X —x|

we obtain vanishes only if J is localized
within the volume of integration.

N

f"<")d3' o (X)X (X—Xq)

472' |X XO| 472' |X XO|

L@

where m(X) = §I(X' —Xg) xJ(x )d3x’, Proved on p.185| ()

19



5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)

To proceed, we consider the orbital motion of atomic/molecular
electrons, which can collectively give rise to a permanent or induced
magnetization M (total magnetic moment / unit volume) given by

M(x)= ) N;<m; > (5.76)
i \
volume density of | | magnetic moment per type i molecule
type i molecules averaged over a small volume

As will be shown 1n (5.79), a current density (J,, ) 1s associated
with M. In addition, there 1s also a current density due to the flow of
Jfree charges, which we denote by J 4., (Jackson denotes it by J in

Sec. 5.8). By the principle of linear superposition, we may write

A(X) = Afree (X) + AM (X)a
where A 4., and A, are due to J 4., and J;/, respectively.

to 9 free(X) 73
4rd |x—X'| 20

Obviously, A 4., (x) =



5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)

For A, we have the expression for M, but not yet for J;,. So
we approximate A, by the dipole term in (4).

Ho W Ho M(X() X (X—Xp)
Ay (x)= + 4,

47 |X—XO‘ 47 |X—XO |3

where we have set JJ v (x)d 3x' =0 because J 1 1s formed of current

loops of atomic dimensions ( <« volume of integration). Under this
condition, m is independent of the point of reference because

m(Xo) :% (X’ —Xo)XJM (X’)d3x’ 0 (554)
1 [ ’ N 730 ] [ Ar 3 : /

To represent A, by the dipole term, we must have x| > the
dimension of the dipole. So, we divide the source into infinistesimal
volumes. In each small volume AV, the dipole moment 1s MA/V,
which generates a small AA;, at x given by

21



5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)
to M(X')x(x—x")AV

4r |X—X'|3

where we have replaced the notation x, with x". This

gives A (x)_“‘) j MEOAX) 3,
x—x'|

AA (X)) =

_ Hy ' r 1 3.
- IM(X)XV |X—X'|d . ) VxAd3x $.nx Ada
V'XM(X)d3 ' ,Llo vr M(X)d3 '
[x—x(| x—x’
sz//a:Vy/xaﬂ,nya :Cﬁ n X1|V[(X|)da
S _

J‘ V'xM(x) 3. + H CJ‘D M (x")xn’ da
IX—X/| S |x—=X

Question: Does this relation still hold asx —>Xx'?
22



Griffiths 1/4 6.2 The Field of a Magnetized Object
6.2.1 Bound Currents

Suppose we have a piece of magnetized
material (i.e., M is given). What field does
this object produce?

The vector potential of a single dipole m is

m X 4

47Z'A,,

In the magnetized object, each volume element carries a
dipole moment Md7’, so the total vector potential is

A(r) = Uy (M(r') x4

dt’
47 A,,z

23



Griffiths 2/4

Vector potential and Bound Currents

Can the equation be expressed in a more illuminating form,
as in the electrical case? Yes!

By exploiting the identity, (ﬁfgw,a@’wa@,) _ 1 _ _
| s XD - (- (2= 2)

V' = = _ X =x)+y(r-y)+2'(z-2) _ (x-x)

oA, (x=x) +(y=y) +(z-2)")" ‘X—X'3

The vector potential is A(r) = La} j M(r'") x (V'l)dr'
4 A,

Using the product rule Vx(fA)=V/xA+ f(VxA)

and integrating by part, we have

1
A(r) = i‘—;< J IV M) - [V

M(r")

ldt’

’vi How? See next page.

= £ | .l[V'xM(r')]df'}+&Cj>l[M(r’)><ﬁ']da'
4 |7 A 4rc 7 A

24



Griffiths 3/4

Problem 1.60 Although the gradient, divergence, and curl theorems are the fundamental in-

tegral theorems of vector calculus, it is possible to derive a number of corollaries from them.
Show that;

(a)[yy(VT)dt = ¢ T da. [Hint: Let v = ¢T, where ¢ is a constant, in the divergence
theorem; use the product rules.]

(b) fi;(V x v)dt = — §g v x da. [Hint: Replace v by (v x ¢) in the divergence theorem.]

(c) fv[TVZU—}- (VY- (VU)]dr = fS(TVU)- da. [Hint: Let v = TV U in the divergence
theorem. ]

Gauss's law _[ (V-E)dr = <JSE -da
v S

[(V-(vxe)dr=e- [(Vxv)dr
Let E=vxe, <7 Y

<j>(v><c)~da:—c-<_f>v><da

LS S

Since ¢ 1s a constant vector, so I(V XV)dT =— CJS VXda

v \) 25



Griffiths 4/4 Vector potential and Bound Currents

A(r)—& 1[V xM(r dr+ (j) [M(r)x "da
A o
Jb:V’xM(r’) Kb:M(r)xﬁ'
volume current surface current

N\ /

With these definitions, ~ Pound currents

Ho Jb '
A(r)="+ dr' +—
(r) 4 ’ CJSS@

The electrical analogy
volume charge density p, = -V -P

surface charge density o, =P -n

https://ocw.nthu.edu.tw/ocw/index.php?page=course&cid=348&

26
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5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)

Thus, A(X) = A 00 (X)+ A/ (X)

— ILlO J‘Jf”'ee(x’) +V’XM(X’) d3xr (578)

47 | x—Xx'|
For comparison, in Sec. 5.3, we have VA = —tod, (5.31)
which has the solution: A(x) =0 JX) 3y (5.32)

4rd |x—x'|
In (5.31) and (5.32), J represents the current due to both free

and bound (atomic) electrons, whereas 1n (5.78) contributions from
free and bound electrons are separated into two terms.

Comparing (5.78) and (5.32), we find that the bound electrons
contribute to A(x) through a magnetization current density (J,,)

given by Jy =VxM, (5.79)
which 1s the macroscopic exhibition of the atomic currents.

27



5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)

Hence, by separating free and bound electrons, V x B(x) = yJ(x)

[(5.22)] can be written ~ V xB = 14,(J 4, +V xM) (5.80)
Defining a new quantity called the magnetic field H :
HE;B—M, (5.81)
we obtain from (5.80) the macroscopic version of (5.22):
VxH=J 4, (5.82)

Question: Does H have a physical meaning?
Diamagnetic, Paramagnetic, and Ferromagnetic Substances :

The counterpart of (5.81) 1n electrostatics 1s D = g E+ P [(4.34)].

In Sec. 4.3, 1t is shown that, for small displacement of the bound
electrons, we have the linear relations:

P=¢yy E (4.36)
D=¢E, with ¢ =¢;(1+ 1,) (4.37), (4.38)

28



5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)

However, the magnetic properties of materials are such that M 1s
not always proportional to B, depending on the type of the materal.

We summarize, without derivation, possible relations between B and H.

1. For diamagnetic and paramagnetic substances, M 1s proportional
to B and we express the linear relation as
M_oHHog |H>H = M TT B, p.aramagne.tic (5)
1<ty =M TI B, diamagnetic

i
Substituting M into H = j}_ B — M, we get the linear relation:
B=uH, (B j(HiM)Zu(iZ 00!  (5.84)

————————————————————————————

(a) M B
Question : The plasma 1s diamagnetic. Why? 7/ %remnant
2. For the ferromagnetic substance we have a L Ho

nonlinear relation (see figure): _ /l" coercive
B =F(H), (5.85)
which exhibits the hysteresis phenomenon shown 1n the figure.

29



Griffiths o
chap7  7.3.6 Boundary Conditions (I}

Differential form Integral form

V-D=p, @ ¢p-da=gq,
S

> over any enclosed surface S.
V-B=0 pB-da=0
S

J

The edge of the wafer contributes nothing
@ in the limit as the thickness goes to zero.

@) ©,

D-a-D,-a=0,a = Dll—Dzl:o'fﬂ

Figure 7.46

wafer thin

Gaussian pillbox @ @

B,-a—B,-a=0 = B -B, =0 4

30



Griffith -
crrmlaéns Boundary Conditions (ll)

Differential form Integral form
OB 0 ]
VXE+—=0 C_’SE-&:——IB-da for any surface S
Ot > Of
D @ 5 > bounded by the
VXH_E ; Cf)H-dlzIerajD-da closed loop P.

J

The side of the very thin Amperian loop contributes nothing.
The flux vanishes in the limit as the area of the loop goes

to zero. @ @

_ 0 /] I
El-l—Ez-l——EJ.B-da = E/-E; =0,

Figure 7.47 @ @

very thin Amperian H1-H, 1=1, +—'[D da = H/ -H))-1=1,

loop straddling the ) .
surface I, =K,-(nx)=(K, ><n)l = H,/ -H, —(fon)

® O




5.8 Macroscopic Equations, Boundary Conditions on B and H (continued)

Application to a Solenoid :

VxH=J g, (5.82) ! 1% ermeable
o | | maril
(((((((((((((((((((((((@ ELE =By i ™ P

A solenoid.

Approximate the magnetic field by that

of an infinite solenoid. So, H;, = constant.

\
cﬁH-dlzlﬁee = H, 1 = nil

ourt —

Question :"B,,, = uni" 1mplies that
filling the solenoid core with x>
material (while keeping i at a constant
value) can greatly enhance B, .. Why?

out:

B-field lines
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5.9 Methods of Solving Boundary-Value
Problems in Magnetostatics
We put the basic equations: V-B=0and VxH=J,, _(5.90)

in forms suitable for 2 types of boundary - value problems. |castiron

. T3 : - _ - - wrought iron
Typel: Linear medium with x = const (in each region). KK[m%

(a) Equation for vector potential (with or without J 4.,.)
B:yH:VxA:H:iVxA
2
= VxH :ivxva :i[V(V-A)—V Al=J 0
= VA =—ul free |use Coulomb gauge, V-A =0] (7)
(b) Equation for scalar potential (only for J 4., =0)
VxH=0=>H=-V®,;, andV-B=0=4V-H=0 (5.93)
= V*®,, =0 (8)
Typically, we use (7) or (8) to solve for A or ®@,, in each uniform

region and find the coefficients by applying conditions (5.86) and
(5.87) on the boundary. An example will be provided in Sec. 5.12.



5.9 Methods of Solving Boundary-Value Problems in Magnetostatis (continued)

Discussion:
In a vacuum medium, we have . 5
’A = I
VA= o) e & 53D
In a uniform-x medium, we have ® —

Hence, the effect of x > 11, medium 1s to increase the ability of
J 4ee to produce B by a factor of 1/ 1 (see tigure above).

In electrostatics, we have f
e 2 E
VD = — pg;ee (vacuum medium) — AR (1.13)
—
and V2D =— 'szee (uniform dielectric medium) (4.39)

Hence, an ¢ > &, medium reduces the ability of p,, to produce

E by a factor of ¢/ &y (see figure above).
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5.9 Methods of Solving Boundary-Value Problems in Magnetostatis (continued)
Type 2 : Hard ferromagnets (permanent magnet, M given, J 4., =0)
(a) Vector potential

VxH=Vx (,U%) —M) =0 |effective current density
= VB = yyVxM = pyd,, where Jﬁi =V xM [see (5.79)]
B=VxA=VxB=VxVxA=V(V-A)-V2A =],
2 J 3 5!
= V2A = —udy, = AX) = “Oj |§4(;,‘)d (5.102)
(b) Scalar potential Py 18 @ mathematical
VxH=0=H=-V,, tool, not real charge.

/
V-B=pV-(H+M)=0=V?®,, =V-M=-p,, (5.95)
where p,, =—V-M (effective magnetic charge density) (5.96)

1 [ (X) 43 _1 VIMKX) ;3 0 [gr 1 =
= Oy = j|x x’| d”x X— x| d”x VIX —X| VIX —X]
1 M(X) 3 r
L d ¥ ==LV j odx (5.98) N




5.9 Methods of Solving Boundary-Value Problems in Magnetostatis (continued)
Effective magnetic surface charge density o);:

Rewrite (5.96): V-M =—p,, (5.96)
— J V-Md>x = (ﬁ M-da= —j pMd3x (see pillbox below)

Vv S V

=0 M n 4 surface area = A4
:>(M2—M1)-HAA=—GMAA M2:O
= oy =n-M M M (5.99)

™ a mathematical tool| thickness —0 ’

Surface current density K, dueto magnetization M:

In Sec. 5.8, Here (by the same algebra),

VxH:/Jﬁ,ee VxM=J,,

real current

=0

=M
—— —

ijree:nX(Hz—Hl) :>KM :nX(Mz—Ml):MXn

n1 H2 K Il? M2 =0
Kfree H1 M M1 =M 36
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5.10 Uniformly Magnetized Sphere

Consider a permanent magnet with magnetization (Type ID:

MOeZ , r<a
0

, r>a

Py vanishes everywhere
except on the surface.

S \EV Y

V''M(x ,
P T: 41” x- i' )d3 |X X| ) discontinuous!
by (5.95) _ [ax YIO( o o) 1 (3¢ 710) —
:M407;Z dQ’fO_Sei—lM a r2COSQ|[); X|((9, 3 r>2
o S 1-1(0, 0N _1(0,0)
:%iMorgosé;— §MOZ, r<a +Y1?(9'»¢')¥10(f’,¢} 5100
kMa "03 , r>a :\/gcose
Inside: H;, =—1M +171(6',0)Y11(0,9)] + -
= B, = toH;, + oM =2 uoM (= H,, TV B;,)
kOutside: dipole field with dipole moment m = #M.
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5.12 Magnetic Shielding, Spherical Shell of Permeable

Material in a Uniform Field L
Consider a spherical p-shell in an external B,.  Bo

[ m imeo L h:" !'”
qu)M —0= D, = r_H B (cosO)| |e | w,
) g r Q" (cos)| |e"? | —— =

Eq. (8) , N

—Hyrcos @+ %OL " P(cos®) ,r>b [FHyrcos@]| (5.117)
o0 ] ZTO ' gives the
= Oy =1 EO(IBZ’” 7 F)PI(COSH)» a<r<b |external B,. (5.118)
an,rlpl(cos@), r<a (o, :aq)M‘ (5.119)
k boundary conditions 00 |p+ 00 |-
H=-Vd,, (593) / 0Dy _ 0Py
M (. ) H,=H, (6 00 |+ 90 | -
< B = uyH (outside) ; + = 3
. . BJ_I = BJ_2 (586) a(rl — a(I)M
B = uH (inside) _ | Ho ~or = H = or =
The shell is assumed to oDy 0Dy
be a linear medium. H = or g 10 o | -
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5.12 Magnetic Shielding, Spherical Shell of Permeable Material in a Uniform Field (continued)
Boundary conditions result in solutions for the coefficients:

= [ = =01f/#1
HD A1 (B3 —-a3 ]
Q) = ( ”OH)(“O 1)(b3 ) H, zb3HO _ _
H A H 42)=2a7( M _1)2 5.121
< (25D +92)ﬂz pelGranl ﬂ%% | ( . )
= iy o | LG122),
(2ﬂ+1)(u+2)_2a3(ﬂ_1) 2u(1-4
B, . as -~ / implying that 1 > y, B, =B, + dipole field
materials tend to "absorb" B-field lines and ——
thereby provide the shielding effect. High-u %

materials can have u/ p, as high as 10° -10°.

When 1 = 14y, B reduces to B, everywhere,
1.€., a static megnetic field penetrates into the
shell as if there were no shell present (even if the
shell 1s made of good conductor, such as copper).

/"—""\
\

——

-
K

B. : uniform field
(ocl/ pif u> )
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5.15 Faraday’s Law of Induction

The Biot-Savart (or Ampere's) law relates the magnetic field to
the electrical current. Faraday then discovered experimantally that
time-varying magnetic flux through an electrical circuit could
induce an electric field around the circuit. This not only provided
the first link between electric and magnetic fields, but also led to a
new mechanism to generate the E-field, 1.e., a time-varying B-field.

Referring to the figure, let loop C loop C
be an electrical circuit (as in Faraday's / B(x,?)
original experiment) or any closed path
in space (a generalization of the original
observation with immense consequences).
Faraday's law states

, S': an arbitrary surface
CJS E dﬁ—— na’a { bounded by loop C} (5.141)

where E’ is the electmc field at the element d/£ of the circuit C.
and B 1s the magnetic induction in the lab frame.
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5.15 Faraday’s Law of Induction (continued)

Rewrite (5. 141)'
<ﬁ E-df=—[ B .ndg

loop C
> B(x,1) (5.141)

Assume loop C 1s at rest in the lab
frame, then E' = E (electric field in the
lab frame) and (5. 141) becomes

(J) E-dt=—| 9B .nay [mtegral form of Faraday's law] 9)

where both E and B are lab-frame quantities.

(9) can be written (by Stokes's theorem: Cj‘) E-df= j V xE-nda)
c S

j VxE -nda=- %B -nda
S t
Thus,
VxE = %1? | differential form of Faraday's law)| (5.143)
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Self-learning

5.16 Energy in the Magnetic Field

To find the energy associated with a magnetic field, we evaluate
the work needed to establish the current J(x), which produces the
magnetic field. We break up J(x) into a network of thin loops. In

the build-up process, an E field will be induced by 6B / o¢. The
rate of work done by E within each loop i1s

o is the cross section of the loop (same as | [Integration over the area
Jackson's Ac).J & o may vary along d/. | |encircled by the loop

dw,
loop _ (jSJaE -dl = j Jo VxE nda/ n .
dt S oB/at a thin
oB loo
= j Jon -2 da p
s ot Stokes's thm.
Work done within each loop to generate OB :
Mooy = | Jon-gBda=[ JoVx5A nda o~ dt (dt]|J)
S VxSA s o : cross section of loop
:€‘3J05A,d£ _ Jodt=J3gdl{=Jd"x
d>x

:j SA-Jdx (10)
loop
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5.16 Energy in the Magnetic Field (continued)
As shown in 61}, = L SA -Jd>x [(10)], the work done within

oop

each loop is an integral over the volume of the loop. Thus, an inte-
gration over all space gives the total work done to generate 0B :
Assume the rate of build-up — 0 = H obeys the static law VxH = J.
Otherwise, the static law breaks down and there will be radiation loss.

oW = | 5A-Jd>x ijéA-(VxH)aﬁx (5.144)

Self-learning

- H.(VXaA)d3x+_[v-(Hx5A)d3x
5B ’

For this integral
to vanish, the

:CﬁS(Hx5A)-da=0 volume of integ-

ti t be oo.
:ngBd3xf%J5(HB)d3x ration must be oo

Assume linear medium: B=uyH or B=fi-H
Total work done to bring the field up from 0 to the final value B :

_1 _ 3 By conservation of energy, this is
W= 2 j (H-B)d"x [the total magnetic field energy. (5.148)

= W= %H-B [field energy density] (11)
Note:w=%H~B=%(ZH]-)-(ZB]')¢%Z(H]"Bj) 43
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Self-learning 5.17 Energy and Self- and Mutual Inductances

Assume linear relation between J and A

7 for nonpermeable
SW = j SA-Jdx =] j S(A-J)d>x /(= pty) medium )

:W:%jA.Jd%i/A(X) A IJ(X)d3 " (5.32) (5.149)

_ gl()-"d3xj'd3x'J(X)'J(’X) for N current- (5.153)
T x—x' / carrying circuits

N
ﬂOZJd3 J‘d3 }J(Xz)J(X]) ZL[l.z ZZMU i (5.152)

|X B =1
j>i
th? _ self—mductance for a thin wire
/ '
L= ﬂoz dsxij’ 73 l,J(x,)J(x, ﬂo(ﬁ <J‘> dl;-dl’; (5.154)
4l YC; C; x;—xj| C; ‘Xl_xl

47zuj d3j d3;J(>§l)J(x]){ Cﬁ cﬁ c|led' }(5155)

mutual inductance (M, = M,) for thin wires 44




Self-learning

5.17 Energy and Self- and Mutual Inductances (continued)

_ Mo (IX) 53
A(X) = A |X_X,|d X (5.32)
= Vector potential at circuit i due to current in circuit j :
J(X'5)
J 3 r
Aj(X;) = 47z C; X; x]|d (12)

From (12) and (5.155), we obtain M; = ]il]j-[CAU(Xi).J(Xi)d%i

Assume J flows along wire d£ of negligible cross section da

= J(x,)dx. = Jydadl = I,d¥ magnetic flux from circuit ;
S B, passing through circuit i

1 SR /

= M; -7 Ay-dl=] j (VXAU) nda = F (5.156)

Ci

= g = _i M., 4 g,: induced Voltage in circuit i due

dt Ij dt J 7| SOE . . o, .
T to current variation in circuit ;.

The “—” sign implies that the induced ¢; tends to drive a current in
circuit i to inhibit the flux change caused by circuit j (Lenz’s law).
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Homework of Chap. 5

Problem 5.1
Starting with the differential expression
dB = Hol drx XX
4 ‘x _xP

for the magnetic induction at the point P with coordinate x produced by an increment of current / dI' at x? show explicitly that for a closed loop
carrying a current / the magnetic induction at P is

B:’U_OIVQ
iy

where Q is the solid angle subtended by the loop at the point P. This corresponds to a magnetic scalar potential, @, =— 14,/Q/4 . The sign
convention for the solid angle is that Q is positive if the point P views the "inner" side of the surface spanning the loop, that is, if a unit normal
n to the surface is defined by the direction of current flow via the right-hand rile, Q is positive if n points away from the point P, and negative
otherwise. This is the same convention as in Section 1.6 for the electric dipole layer.

Problem 5.3
A right-circular solenoid of finite length L and radius @ has N turns per unit length and carries a current /.

Show that the magnetic induction on the cylinder axis in the limit NL — oo is f
NI Lo b |
0 ' !
2

Y7,
B = cos @, +cos b
z ( ! 2 ) [Eumcxmmamnd Problem 5.3

where the angles are defined in the figure.

Problem 5.6
A cylindrical conductor of radius a has a hole of radius b bored parallel to, and centered a distance d from, the cylinder axis (d +b< a).

The current density is uniform throughout the remaining metal of the cylinder and is parallel to the axis. Use Ampere's law and
principle of linear superposition to find the magnitude and the direction of the magnetic-flux density in the hole.
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Homework of Chap. 5

Problem 5.11

A circular loop of wire carrying a current / is located with its center at the origin of coordinates and the normal to its plane having spherical angles

09, ¢o- There is an applied magnetic field, B, = By (1 +By) and B, =B, (1 +px).

(a) Calculate the force acting on the loop without making any approximation. Compare your result with the approximate result (5.69). Comment.

(b) Calculate the torque in lowest order. Can you deduce anything about the higher order contributions? Do they vanish for the circular loop? What
about for other shapes?

Problem 5.18

A circular loop of wire having a radius @ and carrying a current / is located in vacuum with its center a distance d away from a semi-infinite slab of
permeability p. Find the force acting on the loop when

(a) the plane of the loop is parallel to the face of the slab,

(b) the plane of the loop is perpendicular to the face of the slab.

(c) Determine the limiting form of your answer to parts a and b when d > a. Can you obtain these limiting values on some simple and direct way?

Problem 5.19

A magnetically "hard" material is in the shape of a right circular cylinder of length L and radius a. The cylinder has a permanent magnetization M,
uniform throughout its volume and parallel to its axis.

(a)Determine the magnetic field H and magnetic induction B at all points on the axis of the cylinder, both inside and outside.

(b)Plot the ratios B/pyM and H/M,, on the axis as functions of z for L/a= 5.
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Homework of Chap. 5

Problem 5.20
(a)Starting from the force equation (5. 12) and the fact that a magnetization M inside a volume / bounded by a surface S is equivalent to a volume
current density J ,, =(V x M) and a surface current density (M xn), show that in the absence of macroscopic conduction currents the total magnetic
force on the body can be written
F= —jV(v ‘M)B,d’x + jS(M -n)B,da

where B, is the applied magnetic induction (not including that of the body in question). The force is now expressed in terms of the effective

charge densities p,, and o,. If the distribution of magnetization is not discontinuous, the surface can be at infinity and the force given by just
the volume integral.

(b)A sphere of radius R with uniform magnetization has its center at the origin of coordinates and its direction of magnetization making spherical
angles 0, ¢. If the external magnetic field is the same as in Problem 5.11, use the expression of part a to evaluate the components of the force
acting on the sphere.

Problem 5.22
Show that in general a long, straight bar of uniform cross-sectional area 4 with uniform lengthwise magnetization M, when placed with its flat end
against an infinitely permeable flat surface, adheres with a force given approximately by

F;%AMz

Relate your discussion to the electrostatic considerations in Section 1.11.

Problem 5.30
(a) Show that a surface current density K(¢) =1 cos ¢/2R flowing in the axial direction on a right circular cylindrical surface of radius R produces

inside the cylinder a uniform magnetic induction B = 14,/ / 4R in a direction perpendicular to the cylinder axis. Show that the field outside is
that of a two-dimensional dipole.

(b) Calculate the total magnetostatic field energy per unit length. How is it divided inside and outside the cylinder?

(c)What is the inductance per unit length of the system, viewed as a long circuit with current flowing up one side of the cylinder and back the other?
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